In this work, the Kantorovich method is applied to solve the bending problem of thin rectangular plates with three simply supported edges and one fixed edge subject to uniformly distributed load over the entire plate surface. In the method, the plate bending problem is presented using variational calculus. The total potential energy functional is found in terms of a displacement function constructed using the Kantorovich procedure, as the product of an unknown function of x (f(x)) and a coordinate basis function in the y direction that satisfies the displacement end conditions at y = 0, y = b. The EulerLagrange differential equation is determined for this functional. The Galerkin method is then used to obtain the unknown function f(x). Bending moment curvature relations are used to find the bending moments and their extreme values. The results obtained agree remarkably well with literature. The effectiveness of the method is demonstrated by the marginal relative error obtained for one term displacement solutions.
INTRODUCTION
Plates are initially flat structural members bounded by two parallel planes, called faces and rectilinear or curvilinear surface called an edge or boundary. The generators of the cylindrical surface are perpendicular to the plane faces. The distance between these plane faces is called the thickness h, which is small as compared with the other characteristic dimensions of the plate [1] . Geometrically, plates are bounded by either rectilinear or curved boundaries. Plates are widely used in the fields of aerospace, aeronautical, naval, marine, mechanical, architectural, structural, and highway engineering. Specifically, plates are used in architectural structures, bridge decks, naval and marine structures, containers, airplane panels, spacecraft panels, missiles, ship decks, instruments, machine parts (components) and hydraulic structures. They are classified by their shapes as rectangular, circular, elliptical, square, triangular, sector, circular with hole, square with hole, etc. They are also classified according to their materials of construction as homogeneous, heterogeneous, isotropic, anisotropic, and orthotropic. The structural behavior of plates as a function of the type of loading acting on it can be classified as static flexure, dynamic flexure or buckling. The analysis of the plates for static flexure, dynamic flexure, and buckling has been extensively done in the technical literature [2 -9] .
The analysis of plates has generated considerable research interest and activities, with many varying methods being developed and implemented for specific shape and material properties. The methods for plates analysis can be grouped into two namely: analytical methods and numerical or approximate methods. Analytical methods of plate analysis seek to find mathematical expressions valid for the entire plate region that identically solve the governing partial differential equations on the entire plate domain subject to the geometric and natural boundary conditions at the plate edges. They are closed form mathematical solutions which exist for a limited number of plate problems, and for the vast majority of plate problems whether in static flexure, dynamic flexure or buckling, they do not exist [10 -13] . The need for approximate solutions for cases where closed form analytical solutions cannot be found gave rise to numerical methods for solving plate problems. The double trigonometric or Fourier series method was one of the earliest methods of solving the plate problem. The method, applicable to plates with all edges simply supported, assumes, apriori, that a double Fourier series can be developed to represent any distribution of the applied load p (x, y). By assuming that the deflection response can be represented by a double Fourier series of the same form as the loading, and which is specifically constructed to satisfy the geometric and force boundary conditions at the simply supported edges, the governing fourth order biharmonic equation for flexural static analysis of thin plates is simplified to an algebraic problem, readily solved to find the unknown generalized displacement parameters. Thus, the internal forces are obtained from the internal force displacement relations. Levy's single trigonometric series method was originally developed for the analysis of rectangular thin plates with two opposite edges simply supported; and the remaining two edges subject to arbitrary boundary support conditions. Levy 
APPLICATION OF KANTOROVICH-EULER-GALERKIN METHOD TO THE BENDING ANALYSIS OF CSSS PLATE
Using the boundary conditions, (
By the Kantorovich-Galerkin method, we assume for the plate flexure problem ( )
and then determine f(x) for w(x, y) to be a true displacement function of the plate.
. __________________________________________________________________ The total energy functional is given by:
where R is the two dimensional plate domain.,  is the Poisson's ratio and By Kantorovich-Galerkin method, the total energy functional should be minimized for equilibrium of the plate under static flexure. Due to the support conditions of the plate the twisting curvatures vanish and the total energy functional simplifies to Equation (13) as follows:
Using the assumed displacement function, the total energy functional becomes
Simplifying, we obtain:
Further simplification and evaluation of integrals yields the total energy functional to be minimized as Equation (16) ∫
The integrand in the total energy functional is ( ( ) ( )) where
Euler-Lagrange Differential Equation for the Functional
The Euler-Lagrange differential equation for this functional is: [22, 23, 24] (
Applying the Euler-Lagrange condition, we find the condition for the extremum of the total energy functional as the fourth order ordinary differential equation in f(x) as follows:
Simplifying, Equation (19) can be written as:
Galerkin Solution to the Euler-Lagrange Equation
The ordinary differential equation, Equation (12) , is solved subject to the boundary conditions at the simply supported ends x = 0, x = a. A suitable displacement shape function f(x) that satisfies the boundary conditions of simple supports at the edge x = 0, x = a, i.e. f(0) = 0, f(a) = 0, ( ) = 0, f " (a) = 0 is obtained by considering the fourth degree polynomial f4(x) as follows:
where c0, c1, c2,c3 and c4 are the polynomial constants obtained by requiring that f(x) satisfies the boundary conditions at x = 0, x = a. Thus, using the boundary conditions, 
A Galerkin variational solution is sought to the Euler-Lagrange differential equation in order to obtain the parameter c1.
The Galerkin variational integral becomes:
Simplifying, we obtain
Thus, the deflection function along x-axis becomes: 
Thus, Equation (37) becomes:
Evaluating the integrals, we obtain:
________________________________________________
In compact form, Equation (45) becomes: ( 
Center Deflection
The deflection at the center of the plate is found as: 
Alternative Expressions for Bending Moments
The bending moments expressions for rectangular plates under pure bending along x and y axes are given by
Timoshenko and Woinowsky-Krieger [12] as Equation (59).Substituting Equation (36) into Equation (59), we obtained the first term approximation to the bending moment expressions for rectangular plates under bending along x and y axes as follows:
At mid-span of the plate;
Equations (34 and 35) become:
where,
The solutions for deflection coefficients and bending moment coefficient are presented in Tables 1, 2 , 3, 4, and 5. At the center of the plate, the deflection can be obtained as
The bending moment distributions are found from Equation (59). At the center of the plate, 
RESULTS AND DISCUSSIONS
The Kantorovich-Galerkin variational method has been successfully implemented in this work to analyse the static flexure problem of a thin rectangular plate with three simply supported edges and one fixed (clamped) edge; and subject to uniformly distributed load over the entire plate surface. The displacement function was assumed following Kantorovich method to be a product of an unknown function of one spatial coordinate, x, and a coordinate basis function f(y) presented in Equation (11) which satisfies the boundary conditions at the edges y = 0, y = b. The total potential energy functional was then found as given in Equation (16) to be a function of x, ( ) ( ) Using the principles of variational calculus, the Euler-Lagrange differential equation of equilibrium was found for the extremization of the functional as the fourth order ordinary differential equation presented as Equation (19) . A Galerkin variational (weighted residual) solution to the Euler-Lagrange differential equation of equilibrium was then obtained for a one parameter choice of f(x). Thus the solution for w(x, y) to the plate flexure problem was obtained as Equation (36). Bending moment expressions were then determined for the plate as Equations (64) and (70). Tables 1, 2 , and 3 present the KantorovichGalerkin solutions for a one parameter assumption for the deflection and bending moment values of the centre of the plate and their comparison with exact solutions obtained by Timoshenko and Woinowsky-Krieger [12] . Table 1 shows that the relative difference between the Kantororich-Galerkin solutions and the exact solutions for displacement vary from 0.34% to 0.948% with an average value of 0.4%. The relative difference for bending moment coefficients βxx βyy as shown in Tables  2 and 3 for a one parameter Kantorovich-Galerkin solution vary from 4.6% to 9.41%, for βxx and 7.46% to 17.23%, for βyy for the aspect ratio varying from 1.0 to 2.0. A two term (two parameter) assumption was also used to obtain the centre deflection as Equation (92), yielding a reduced relative difference of 0.586% as compared with the one term solution for central deflection. However, when the results are presented using four decimal places, the results for two-term solution becomes identical with the results obtained for the one term solutions. Two term (parameter) solutions yielded bending moment values given by Equation (94) for Mxx and Equation (97) for Myy. Bending moment values given by the two term solution yielded identical results with the one term solutions. The accuracy and effectiveness of the Kantorovich-Galerkin method is thus validated. The results of the study for deflections and bending moment at the mid -span of the CSSS plate is tabulated in Tables 1, 2 , 3, 4, 5 and 6 for first and second terms approximation to the deflection functions respectively. These values which are computed at aspect ratio range: α and Poisson ratio µ (steel material) represent deflection function coefficients, and bending moment coefficients about x and y directions, and respectively. Results from Timoshenko and Woinowsky -Krieger [12] were also tabulated alongside these values; and percentage differences between them were calculated as:
percentage difference ( al e o tained y a theory corresponding val e y e act theroy )
( )
The results are presented in Tables 1, 2 , and 3. 
